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We study a special topology on Z2 and show that both the Marcus topology and the
Khalimsky topology and also one more digital topology on Z2 may be obtained as three
of its quotient topologies. A quotient closure operator of the topology studied is discussed,
too, and an analogue of the Jordan curve theorem for this closure operator is proved.
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0. Introduction
Digital (two-dimensional) images may be thought of as approximations of real images, i.e., subsets of the Euclidean
plane, by subsets of the digital plane Z2. To be able to study geometric and topological properties of digital images, we need
to provide Z2 with a convenient structure. Here, convenient means that such a structure satisfies, in analogies, some basic
geometric and topological properties of the Euclidean topology on R2. In particular, it is usually required that an analogue
of the Jordan curve theorem be valid. (Recall that the classical Jordan curve theorem states that any simple closed curve in
the Euclidean plane separates this plane into exactly two components). In the classical approach to this problem (see e.g.
[10,11]), graph theoretic tools were used for structuring Z2, namely the well-known binary relations of 4-adjacency and
8-adjacency. Unfortunately, neither 4-adjacency nor 8-adjacency itself allows an analogy of the Jordan curve theorem— c.f.
[7]. To eliminate this deficiency, a combination of the two binary relations has to be used. Despite this inconvenience, the
graph-theoretic approach was used to solve many problems of digital image processing and to create useful graphic soft-
ware. In [4], a new, purely topological approach to the problem has been proposed, which utilizes a convenient topology on
Z2, the so-called Khalimsky topology, for structuring the digital plane. At present, this topology is one of the most impor-
tant concepts of the theory called digital topology. It has been studied and used by many authors, e.g., [5,7,8,13,12,15]. The
possibility of structuring Z2 by using closure operators more general than the Kuratowski ones is discussed in [12,13,15].
In [14], a new, convenient topology on Z2 has been introduced and studied. It was shown there that this topology has
some advantages over the Khalimsky one. In the present note, we continue to investigate the topology from [14]. We will
show that the Khalimsky topology, as well as two other convenient topologies onZ2, may be obtained as a quotient topology
of the topology under consideration. A certain quotient closure operator of the topology is also studied and an analogue of
the Jordan curve theorem for this closure operator is proved.
1. Preliminaries
For the topological terminology used see, e.g., [3]. Throughout the paper, topologies are considered to be given by closure
operators. Thus, a topological space is a pair (X, p) where X is a set and p is a Kuratowski closure operator, called briefly a
topology, on X . Recall that a topology p on a set X is called a T 1
2
-topology if each point of X is closed or open, and it is called an
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Alexandroff topology if pA = ⋃x∈A p{x} whenever A ⊆ X or, equivalently, if every point x ∈ X has a smallest neighborhood.
Thus, an Alexandroff topology p on a set X may be given by determining p{x}, for every x ∈ X . If p is an Alexandroff topology
on a setX , then the dual topology to p is theAlexandroff topology onX with respect towhich p{x} is the smallest neighborhood
of x for every x ∈ X . Given a pair p, q of topologies on X , we write p ≤ q if p is finer that q (i.e., if pA ⊆ qA for every A ⊆ X).
Clearly, if p is an Alexandroff topology, then p ≤ q if and only if p{x} ⊆ q{x} for every x ∈ X . Recall that, to a given topology u
on a set X , there is assigned a preorder≤ on X referred to as specialization preorder of u, which is defined by x ≤ y ⇔ x ∈ u{y}
whenever x, y ∈ X . On a given set X , this assignment determines a one-to-one correspondence between the Alexandroff
topologies and the preorders, between the Alexandroff T0-topologies and the partial orders, and between the Alexandroff
T 1
2
-topologies and the partial orders having the property that each element x ∈ X is minimal or maximal.
Clearly, a subset Y of an Alexandroff topological space (X, p) is connected if and only if, whenever A, B ⊆ Y are nonempty
disjoint subsetswithA∪B = Y , there are points x ∈ A and y ∈ B such that x ∈ p{y} or y ∈ p{x}. Recall thatmaximal connected
subsets of a topological space are called its components.
One can easily see that every T 1
2
-topology p on a set X has the property that, given a two-point connected subset of X ,
one point of X is open and the other is closed. Conversely, if p is an Alexandroff topology on X having this property, then it
is a T 1
2
-topology.
Recall that the connectedness graph of a topological space (X, p) is the (undirected simple) graph whose vertex set is X
and in which arbitrary two points x, y ∈ X are adjacent, i.e., joined by an edge, if and only if x 6= y and {x, y} is a connected
set.
In accordance with [4], we define:
Definition 1. A digital simple closed curve in a topological space (X, p) is any nonempty, finite and connected subset C ⊆ X
such that, for each point x ∈ C , there are precisely two points of C adjacent to x in the connectedness graph of (X, p). A
digital simple closed curve C in (X, p) is said to be a digital Jordan curve in (X, p) if it separates (X, p) into precisely two
components (i.e., if the subspace X − C of (X, p) consists of precisely two components).
In this note, all simple closed curves considered are digital and, therefore, the adjective ‘‘digital" will be omitted (in both
concepts introduced in Definition 1).
Note that every simple closed curve in a topological space (X, p) is a cycle in the connectedness graph of (X, p), i.e.,
may be ordered into a (finite) sequence x1, x2, . . . , xn, n ≥ 3 a natural number, such that xi and xi+1 are adjacent for each
i = 1, 2, . . . , n− 1 and also x1 and xn are adjacent.
According to [6], the Khalimsky line is the topological space (Z, s) where s is the Alexandroff topology on Z given as
follows:
For any z ∈ Z,
s{z} =
{{z − 1, z, z + 1} if z is even,
{z} if z is odd.
Clearly, s is a T 1
2
-topology. Also the topological space (Z, s¯), where s¯ is the topology dual to s (i.e., s¯{z} = {z} if z is even and
s¯{z} = {z − 1, z, z + 1} if z is odd), is said to be the Khalimsky line.
Note that s and s¯ coincide with the topologies generated by the subbases {{2k, 2k + 1, 2k + 2}; k ∈ Z} and {{2k − 1,
2k, 2k + 1}; k ∈ Z} respectively. These topologies can also be obtained as the only two (homeomorphic) topologies on Z
making Z to be a COTS, i.e., a connected ordered topological space — see [3].
Let z = (x, y) ∈ Z2 be a point. We put
H2(z) = {(x+ k, y); k ∈ {−1, 0, 1}},
V2(z) = {(x, y+ l); l ∈ {−1, 0, 1}},
D4(z) = H2(z) ∪ {(x− 1, y− 1), (x+ 1, y− 1)},
U4(z) = H2(z) ∪ {(x− 1, y+ 1), (x+ 1, y+ 1)},
L4(z) = V2(z) ∪ {(x− 1, y− 1), (x− 1, y+ 1)},
R4(z) = V2(z) ∪ {(x+ 1, y− 1), (x+ 1, y+ 1)}.
Next, we put
A4(z) = H2(z) ∪ V2(z),
A8(z) = H2(z) ∪ L4(z) ∪ R4(z)(= V2(z) ∪ D4(z) ∪ U4(z)), and
A′4(z) = {z} ∪ (A8(z)− A4(z)).
Thus, each of the sets introced above consists of the point z and thenumber of other points that equals the index of the symbol
denoting this set. In the literature, the points of A4(z) and A8(z) different from z are said to be 4-adjacent and 8-adjacent to z,
respectively. It is natural to call the points, different from z, ofH2(z), V2(z), D4(z),U4(z), L4(z), R4(z) and A′4(z) horizontally
2-adjacent, vertically 2-adjacent, down 4-adjacent, up 4-adjacent, left 4-adjacent, right 4-adjacent and diagonally 4-adjacent to
z, respectively. Clearly, each of these adjacencies implies 8-adjacency.
The Khalimsky topology is the Alexandroff topology t on Z2 given as follows:
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Fig. 1. A portion of the connectedness graph of the Khalimsky topology. The closed points are ringed and the mixed ones boxed.
For any z = (x, y) ∈ Z2,
t{z} =

A8(z) if x, y are even,
H2(z) if x is even and y is odd,
V2(z) if x is odd and y is even,
{z} otherwise.
The (Khalimsky) topological space (Z2, t) is often called the Khalimsky plane. It can also be obtained as the product of two
copies of the Khalimsky line (Z, s). Also the topology t¯ dual to t (which is homeomorphic to t) is called the Khalimsky
topology in the literature — the topological space (Z2, t¯)may be obtained as the product of two copies of the Khalimsky line
(Z, s¯). In this note, however, the Khalimsky topology will always mean the topology t .
The Khalimsky topology is a T0-topology, but not a T 1
2
-topology, because the points with one coordinate even and the
other odd are neither closed nor open — these points are called mixed. All the other points of Z2 are closed or open — they
are called pure. A portion of the connectedness graph of the Khalimsky topology is shown in Fig. 1.
Clearly, (Z2, t) is a connected topological space. In [4], Khalimsky, Koppermann and Meyer proved the following digital
Jordan curve theorem for (Z2, t):
Theorem 2. In the Khalimsky plane, any simple closed curve having at least four points is a Jordan curve.
We will now recall another topology on Z2 well known from the literature.
Let u be the Alexandroff T 1
2
-topology on Z2 given as follows:
For any z = (x, y) ∈ Z2,
u{z} =
{
A4(z) if x+ y is odd,
{z} otherwise.
Indeed, u is a T 1
2
-topology because the points (x, y) ∈ Z2 with x + y odd are open while all the other points of Z2 are
closed. It can easily be seen that (Z2, u) is a connected space in which a two-point subset {z1, z2} ⊆ Z2 is connected if and
only if z1 and z2 are 4-adjacent. The topology u coincides with the topology introduced in [9] and we will therefore call it
the Marcus topology. A portion of the connectedness graph of the Marcus topology is shown in Fig. 2. It is evident that the
Marcus topological space is connected.
The following digital Jordan curve theorem for the Marcus topological space follows from [14], Theorem 13:
Theorem 3. Let C be a cycle in the connectedness graph of (Z2, u) such that there exists a point (x, y) ∈ Z2 with (x+2k, y+2l) /∈
C whenever k, l ∈ Z. Then C is a Jordan curve in (Z2, u).
Remark 4. A digital Jordan curve theorem for (Z2, u), independent from the previous one, is proved also in [6].
The Marcus topology, which corresponds to 4-adjacency, proved to be too simple and, therefore, unsatisfactory for the
purposes of digital topology. On the other hand, it is well known (see e.g. [2]) that there exists no topology on Z2 whose
connectedness graph corresponds to 8-adjacency. The Khalimsky topology, which provides a convenient structure on Z2
for solving geometric and topological problems that occur in digital image processing, corresponds to a combination of
4-adjacency and 8-adjacency. It is also known [6] that theMarcus topological spacemay be obtained from the Khalimsky one
— it is homeomorphic to the subspace of the Khalimsky topological space given by the pure points (such a homeomorphism
ϕ is given by putting ϕ(x, y) = (x− y+ 1, x+ y+ 1) for all (x, y) ∈ Z2).
We will now discuss one more topology on Z2. Let v be the Alexandroff topology on Z2 given as follows:
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Fig. 2. A portion of the connectedness graph of the Marcus topology. The closed points are ringed.
Fig. 3. A portion of the connectedness graph of v. The closed points are ringed.
For any z = (x, y) ∈ Z2,
v{z} =

H2(z) if x is odd and y is even,
V2(z) if x is even and y is odd,
A′4(z) if x, y are odd,{z} if x, y are even.
It is evident that v is a T 1
2
-topology (in which the points (k, l) ∈ Z2, k, l ∈ Z even, are closed, while all the other points are
open). A portion of the connectedness graph of v is shown in Fig. 3.
The following digital Jordan curve theorem for the topological space (Z2, v) follows from [14], Theorem 15:
Theorem 5. Let C be a cycle in the connectedness graph of (Z2, v) fulfilling one of the following two conditions:
(1) For every point (x, y) ∈ C, there exists k ∈ Z such x = 4k or y = 4k.
(2) For every point (x, y) ∈ C, there exists k ∈ Z such y = x+ 4k or y = 4k− x.
Then C is a Jordan curve in (Z2, v).
Remark 6. One can easily see that v ≤ t¯ .
Definition 7. We denote byw the Alexandroff T 1
2
-topology on Z2 defined as follows:
For any point z = (x, y) ∈ Z2,
w{z} =

A8(z) if x = 4k, y = 4l, k, l ∈ Z,
A′4(z) if x = 2+ 4k, y = 2+ 4l, k, l ∈ Z,
D4(z) if x = 2+ 4k, y = 1+ 4l, k, l ∈ Z,
U4(z) if x = 2+ 4k, y = 3+ 4l, k, l ∈ Z,
L4(z) if x = 1+ 4k, y = 2+ 4l, k, l ∈ Z,
R4(z) if x = 3+ 4k, y = 2+ 4l, k, l ∈ Z,
H2(z) if x = 2+ 4k, y = 4l, k, l ∈ Z,
V2(z) if x = 4k, y = 2+ 4l, k, l ∈ Z,
{z} otherwise.
168 J. Šlapal / Theoretical Computer Science 405 (2008) 164–175
Fig. 4. A portion of the connectedness graph ofw. The closed points are ringed.
Fig. 5. Jordan curves in (Z2, w).
Indeed,w is a T 1
2
-topology because the points z ∈ Z2 with z ∈ A8(4k, 4l) for some k, l ∈ Z are closed while all the other
points of Z2 are open. A portion of the connectedness graph of w is shown in Fig. 4. It can easily be seen that (Z2, w) is a
connected topological space.
The following digital Jordan curve theorem for the topological space (Z2, w) follows from [14], Theorem 11:
Theorem 8. Let C be a cycle in the connectedness graph of (Z2, w) such that C ∩ A4(4k + 2, 4l + 2) ⊆ {(4k + 2, 4l + 2)}
whenever k, l ∈ Z. Then C is a Jordan curve in (Z2, w).
By the previous theorem, every cycle in the graph whose portion is represented in Fig. 5, is a Jordan curve in (Z2, w).
In both the Khalimsky topological space (Z2, t) and the Marcus topological space (Z2, u), the following two conditions
are satisfied for every pair of different points z1, z2 ∈ Z2:
(1) if {z1, z2} is connected, then z1 and z2 are 8-adjacent,
(2) if z1 and z2 are 4-adjacent, then {z1, z2} is connected.
It is shown in [2] that t and u are the only topologies onZ2 satisfying (1) and (2). The topologies v andw satisfy only condition
(1), which makes them less convenient for applications in digital topology. We have shown that such applications may still
be possible if we make the restriction that Jordan curves can never pass through certain points of Z2.
2. Quotient topologies ofw
Recall that, given a topological space (X, p), a set Y and a surjection e : X → Y , a topology q on Y is said to be the
quotient topology of p generated by e if q is the finest topology on Y for which e : (X, p) → (Y , q) is continuous. Note that,
for Alexandroff topological spaces (X, p) and (Y , q), a map e : (X, p) → (Y , q) is continuous if and only if e(p{x}) ⊆ q{e(x)}
for every x ∈ X .
We will need the following lemma:
Lemma 9. Let (X, p), (Y , q) be Alexandroff topological spaces and let e : X → Y be a surjection. Then the following condition is
sufficient for q to be the quotient topology of p generated by e:
For any pair of points x, y ∈ Y , x ∈ q{y} if and only if there are a ∈ e−1(x) and b ∈ e−1(y) such that a ∈ p{b}.
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Fig. 6. Decomposition of (Z× Z, w) given by the surjection f .
Proof. Let the condition of the statement be satisfied. If a, b ∈ X are points such that a ∈ p{b}, then, putting x = e(a) and
y = e(b), we get a ∈ e−1(x) and b ∈ e−1(y). Therefore, e(a) = x ∈ q{y} = q{e(b)}. We have shown that e : (X, p) → (Y , q)
is continuous. Let q′ be an arbitrary topology on Y such that e : (X, p) → (Y , q′) is continuous. Let B ⊆ Y be a subset and
x ∈ qB be a point. Then there is a point y ∈ B with x ∈ q{y}. Consequently, there are points a ∈ e−1(x) and b ∈ e−1(y)
such that a ∈ p{b}. We get a ∈ p{b} ⊆ p{e−1(y)} ⊆ p{e−1(B)}, hence x = e(a) ∈ q′(e(e−1(B))) = q′B. We have shown that
qB ⊆ q′B. Thus, q ≤ q′ and the statement is proved. 
Let f : Z2 → Z2 be the surjection given as follows:
For every (x, y) ∈ Z2,
f (x, y) =

(2k, 2l) if (x, y) = (4k, 4l), k, l ∈ Z,
(2k, 2l+ 1) if (x, y) ∈ A4(4k, 4l+ 2), k, l ∈ Z,
(2k+ 1, 2l) if (x, y) ∈ A4(4k+ 2, 4l), k, l ∈ Z,
(2k+ 1, 2l+ 1) if (x, y) ∈ A′4(4k+ 2, 4l+ 2), k, l ∈ Z.
The decomposition of the topological space (Z2 × Z2, w) given by f is demonstrated in Fig. 6 by the dashed lines. Every
class of the decomposition is mapped by f to its center point expressed by the bold coordinates.
Theorem 10. The Khalimsky topology t coincides with the quotient topology ofw generated by f .
Proof. Let z1, z2 ∈ Z2 be arbitrary points, z1 6= z2.
Suppose z1 ∈ t{z2}. Then z2 is not a closed point in (Z2, t), hence z2 = (x, y) where x or y is even. Thus, one of the
following three cases occurs:
(1) z2 = (2k, 2l) for some k, l ∈ Z and z1 ∈ A8(z2)− {z2},
(2) z2 = (2k, 2l+ 1) for some k, l ∈ Z and z1 ∈ H2(z2)− {z2},
(3) z2 = (2k+ 1, 2l) for some k, l ∈ Z and z1 ∈ V2(z2)− {z2}.
It can easily be seen in Fig. 6 that, in each of the three cases and for every eligible z1, there are points a ∈ f −1(z1) and
b ∈ f −1(z2) such that a ∈ w{b} .
Conversely, suppose there are points a ∈ f −1(z1) and b ∈ f −1(z2), such that a ∈ w{b}. Then f −1(z1) is not open in
(Z2, w). Therefore, one of the following three cases occurs:
(1) f −1(z1) = A4(4k, 4l+ 2) for some k, l ∈ Z, hence z1 = (2k, 2l+ 1),
(2) f −1(z1) = A4(4k+ 2, 4l) for some k, l ∈ Z, hence z1 = (2k+ 1, 2l),
(3) f −1(z1) = A′4(4k+ 2, 4l+ 2) for some k, l ∈ Z, hence z1 = (2k+ 1, 2l+ 1).
By the help of Fig. 6, one can easily observe that, in any of the three cases, z1 ∈ t{z2} for every eligible z2.
It follows that, for arbitrary points z1, z2 ∈ Z2, z1 ∈ t{z2} if and only if there are points a ∈ f −1(z1) and b ∈ f −1(z2) such
that a ∈ w{b}. (In fact, we showed this only for different points z1, z2. But, if z1 = z2, then the equivalence holds trivially.)
By Lemma 9, t is the quotient topology ofw generated by f . 
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Fig. 7. Decomposition of (Z× Z, w) given by the surjection g .
Given a point (k, l) ∈ Z2, we put A12(k, l) = {(x, y) ∈ Z2; x = k and |y − l| ≤ 3, or y = l and |x − k| ≤ 3}. Thus,
A12 consists of the point (k, l) and the 12 nearest points to (k, l) each of which has one coordinate common with (k, l)
(graphically, the points of A12(k, l) form a horizontal–vertical cross whose center coincides with the point (k, l)).
Let g : Z2 → Z2 be the surjection given as follows:
For every (x, y) ∈ Z2,
g(x, y) =
{
(k+ l, l− k) if (x, y) ∈ A8(4k, 4l), k, l ∈ Z,
(k+ l+ 1, l− k) if (x, y) = (4k+ 2, 4l+ 2) for some k, l ∈ Z
with k+ l odd or (x, y) ∈ A12(4k+ 2, 4l+ 2) for some k, l ∈ Zwith k+ l even.
The decomposition of the topological space (Z2 × Z2, w) given by g is demonstrated in Fig. 7 by the dashed lines. Every
class of the decomposition is mapped by g to its center point expressed by the coordinates with respect to the diagonal axes
(where the first coordinate relates to the axis with only the non-negative part displayed).
Theorem 11. The Marcus topology u coincides with the quotient topology ofw generated by g.
Proof. Let z1, z2 ∈ Z2 be arbitrary points, z1 6= z2.
Suppose z1 ∈ u{z2}. Then z2 is an open point in (Z2, u), hence z2 = (x, y)where one of the numbers x, y is even and the
other is odd, and z1 ∈ A4(z2)−{z2}. Hence, z2 = (k+ l+1, l−k) and g−1(z2) = {(4k+2, 4l+2)} for some k, l ∈ Z, k+ l odd,
if x is even while g−1(z2) = A12(4k+ 2, 4l+ 2) for some k, l ∈ Z, k+ l even, if x is odd. We have (4k+ 2, 4l+ 2) ∈ g−1(z2)
(in both the cases when x is even or odd) and one of the following four cases occurs:
(1) z1 = (k+ l+ 2, l− k),
(2) z1 = (k+ l, l− k),
(3) z1 = (k+ l+ 1, l− k+ 1),
(4) z1 = (k+ l+ 1, l− k− 1).
It can easily be seen in Fig. 7 that, in any of the three cases, there are points a ∈ g−1(z1) and b ∈ g−1(z2) such that
a ∈ w{b}.
Conversely, suppose that there are points a ∈ g−1(z1) and b ∈ g−1(z2) such that a ∈ w{b}. Then g−1(z1) is not open in
(Z2, w). Therefore, g−1(z1) = A8(4k, 4l), which means that z1 = (k + l, l − k) for some k, l ∈ Z. One of the following four
cases occurs:
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Fig. 8. Decomposition of (Z× Z, w) given by the surjection h.
(1) z2 = (k+ l+ 1, l− k),
(2) z2 = (k+ l− 1, l− k) = ((k− 1)+ (l− 1)+ 1, (l− 1)− (k− 1)),
(3) z2 = (k+ l, l− k+ 1) = (1+ (k− 1)+ l, (l− (k− 1)),
(4) z2 = (k+ l, l− k− 1) = (k+ (l− 1)+ 1, (l− 1)− k)).
Using Fig. 7, one can easily conclude that, in each of the four cases, z1 ∈ u{z2}.
It follows that, for arbitrary points z1, z2 ∈ Z2, z1 ∈ u{z2} if and only if there are points a ∈ g−1(z1) and b ∈ g−1(z2) such
that a ∈ w{b} imply . By Lemma 9, u is the quotient topology ofw generated by g . 
Let h : Z2 → Z2 be the surjection given as follows:
For every (x, y) ∈ Z2,
h(x, y) =

(2k, 2l) if (x, y) ∈ A8(4k, 4l), k, l ∈ Z,
(2k, 2l+ 1) if (x, y) ∈ H2(4k, 4l+ 2), k, l ∈ Z,
(2k+ 1, 2l) if (x, y) ∈ V2(4k+ 2, 4l), k, l ∈ Z,
(2k+ 1, 2l+ 1) if (x, y) = (4k+ 2, 4l+ 2), k, l ∈ Z.
The decomposition of the topological space (Z2×Z2, w) given by h is demonstrated in Fig. 8 by the dashed lines. Every class
of the decomposition is mapped by f to its center point expressed by the bold coordinates.
Theorem 12. The topology v coincides with the quotient topology ofw generated by h.
Proof. Let z1, z2 ∈ Z2 be arbitrary points, z1 6= z2.
Suppose z1 ∈ t{z2}. Then z2 is an open point in (Z2, v), hence z2 = (x, y) where x or y is odd. Thus, one of the following
three cases occurs:
(1) z2 = (2k+ 1, 2l) for some k, l ∈ Z and z1 ∈ H2(z2)− {z2},
(2) z2 = (2k, 2l+ 1) for some k, l ∈ Z and z1 ∈ V2(z2)− {z2},
(3) z2 = (2k+ 1, 2l+ 1) for some k, l ∈ Z and z1 ∈ A′4(z2)− {z2}.
We can see in Fig. 8 that, in each of the three cases and for every eligible z1, there are points a ∈ h−1(z1) and b ∈ h−1(z2)
such that a ∈ w{b}.
Conversely, suppose that there are points a ∈ h−1(z1) and b ∈ h−1(z2) such that a ∈ w{b}. Then h−1(z1) is not open in
(Z2, w). Therefore, h−1(z1) = A8(4k, 4l) for some k, l ∈ Z, which means that z1 = (2k, 2l). We have one of the following
eight cases:
(1) z2 = (2k+ 1, 2l),
(2) z2 = (2k− 1, 2l),
(3) z2 = (2k, 2l+ 1),
(4) z2 = (2k, 2l− 1),
(5) z2 = (2k+ 1, 2l+ 1),
(6) z2 = (2k+ 1, 2l− 1),
(7) z2 = (2k− 1, 2l+ 1),
(8) z2 = (2k− 1, 2l− 1).
Now, it can easily be seen in Fig. 8 that, in any of the eight cases, z1 ∈ v{z2}.
It follows that, for arbitrary points z1, z2 ∈ Z2, z1 ∈ v{z2} if and only if there are points a ∈ h−1(z1) and b ∈ h−1(z2) such
that a ∈ w{b}. By Lemma 9, v is the quotient topology ofw generated by h. 
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Fig. 9. A portion of the connectedness graph of r . The closed points are ringed and the mixed ones boxed.
3. A quotient closure operator ofw
It was shown in [13] that closure operators that are more general than Kuratowski ones may be employed for solving
problems of digital topology. In this section, the so-called Čech closure operators (cf. [1]) will be considered, i.e., the closure
operators that are obtained from the Kuratowski ones by omitting the requirement of idempotency. More precisely, by a
closure operator on a set X we understand a map p : expX → expX which is grounded (i.e., p∅ = ∅), extensive (i.e., A ⊆ pA
whenever A ⊆ X) and additive (i.e., p(A∪B) = pA∪pBwhenever A, B ⊆ X). Given a closure operator p on a set X , the binary
relation ρ on X assigned to p by the formula xρy ⇔ x ∈ u{y}whenever x, y ∈ X is reflexive but need not be a preorder. On
a given set X , this assignment determines a one-to-one correspondence between the Alexandroff closure operators and the
reflexive binary relations. In this section, some concepts considered for Kuratowski closure operators (i.e., for topologies)
in Sections 1 and 2 will be used as naturally extended to closure operators. Thus, these extended concepts are defined for
closure operators in the same way as the original ones are defined for Kuratowski closure operators. Therefore, the basic
properties of the original concepts are preserved, in analogies, also by their extensions to closure operators. But the extended
concepts may even have some new properties that are not possessed by topological spaces. For example, given Alexandroff
closure spaces (X, p), (Y , q) and a surjection e : X → Y , the condition from Lemma 9 is not only sufficient but also necessary
for q to be the quotient closure operator of p generated by e. The following lemma follows from [13], Corollary 1.4:
Lemma 13. Let (X, p), (Y , q) be closure spaces, let e : (X, p) → (Y , q) be a quotient map such that e−1(y) is connected in (X, p)
for every y ∈ Y and let B ⊆ Y be a subset. Then B is connected in (Y , q) if and only if e−1(B) is connected in (X, p).
Let us note that, for topological spaces (X, p) and (Y , g) (and a topological quotient map e) the statement of the previous
Lemma need not be true. It is true if, for example, B is closed or open in (Y , q).
We denote by r the Alexandroff closure operator on Z2 defined as follows:
For any point z = (x, y) ∈ Z2,
r{z} =
{A4(z) if both x and y are odd or (x, y) = (4k+ 2l, 2l+ 2), k, l ∈ Z,
A8(z) if (x, y) = (4k+ 2l, 2l), k, l ∈ Z,
{z} otherwise.
Note that (x, y) = (4k+ 2l, 2l+ 2) for some k, l ∈ Z is equivalent to (x, y) ∈ {(4k, 4l+ 2), (4k+ 2, 4l)} for some k, l ∈ Z,
and (x, y) = (4k+ 2l, 2l) for some k, l ∈ Z is equivalent to (x, y) ∈ {(4k, 4l), (4k+ 2, 4l+ 2)} for some k, l ∈ Z. The closure
operator r is not a topology because, for example, (1, 2) ∈ r{(1, 1)} and (1, 1) ∈ r{(0, 0)}, so that (1, 2) ∈ rr{(0, 0)},
while (1, 2) /∈ r{(0, 0)}. One can easily see that r is T0 but, on the other hand, it is not T 1
2
because the points whose both
coordinates are odd aremixed. All the other points of Z2 are closed or open: the points (x, y)with x+y = 4k for some k ∈ Z
are open while the points (x, y)with x+ y odd are closed. A portion of the connectedness graph of r is shown in Fig. 9.
Let d : Z2 → Z2 be the surjection given as follows:
For every (x, y) ∈ Z2,
d(x, y) =
(2k+ 2l+ 1, 2l− 2k+ 1) if (x, y) ∈ A4(4k, 4l+ 2), k, l ∈ Z,(2k+ 2l+ 1, 2l− 2k− 1) if (x, y) ∈ A4(4k+ 2, 4l), k, l ∈ Z,( x+y
2 ,
y−x
2
)
if x, y are odd or (x, y) = (4k+ 2l, 2l), k, l ∈ Z.
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Fig. 10. Decomposition of (Z× Z, w) given by the surjection d.
The decomposition of the closure space (Z2 × Z2, r) given by d is demonstrated in Fig. 10 by the dashed lines. Every
class of the decomposition is mapped by d to its center point expressed by the coordinates with respect to the diagonal axes
(where the first coordinate relates to the axis with only the non-negative part displayed).
Theorem 14. The closure operator r coincides with the quotient closure operator ofw generated by d.
Proof. Let z1, z2 ∈ Z2 be arbitrary points, z1 6= z2. Note that, for any point z = ( x+y2 , y−x2 ) ∈ Z2 which is not closed in
(Z2, r), at least one of the coordinates x, y is even. Namely, if both x, y are odd, i.e., (x, y) = (2k+ 1, 2l+ 1), k, l ∈ Z, then
z = (k+ l+ 1, l− k). But then one coordinate of z is even and the other is odd, so that z is closed.
Suppose z1 ∈ r{z2}. Then z2 is not a closed point in (Z2, r). Hence, both coordinates of z2 are odd or both are even. Thus,
one of the following three cases occurs:
(1) z2 ∈ {(2k+ 2l+ 1, 2l− 2k+ 1), (2k+ 2l+ 1, 2l− 2k− 1)} for some k, l ∈ Z and z1 ∈ A4(z2)− {z2},
(2) z2 = ( x+y2 , y−x2 ) = (4k+ 2l, 2l+ 2) (so that (x, y) = (4k− 2, 4k+ 4l+ 2)) for some k, l ∈ Z and z1 = A4(z2),
(3) z2 = ( x+y2 , y−x2 ) = (4k+ 2l, 2l) (so that (x, y) = (4k, 4k+ 4l)) for some k, l ∈ Z, and z1 = A8(z2).
One can see in Fig. 10 that, in any of the three cases and for every eligible z1, there are points a ∈ d−1(z1) and b ∈ d−1(z2)
such that a ∈ w{b}.
Conversely, suppose there are points a ∈ d−1(z1) and b ∈ d−1(z2) such that a ∈ w{b}. Then d−1(z1) is not open in (Z2, w).
I. Suppose that d−1(z1) is not closed in (Z2, w). Then one of the following two cases occurs:
(1) d−1(z1) = A4(4k, 4l+ 2) for some k, l ∈ Z, hence z1 = (2k+ 2l+ 1, 2l− 2k+ 1),
(2) d−1(z1) = A4(4k+ 2, 4l) for some k, l ∈ Z, hence z1 = (2k+ 2l+ 1, 2l− 2k− 1).
It can easily be seen in Fig. 10 that, in each of the two cases and for every eligible z2, z1 ∈ r{z2}.
II. Finally, suppose that d−1(z1) is closed in (Z2, w). Then d−1(z1) = {(x, y)}where both x and y are odd. Consequently, z1 =
(
x+y
2 ,
x−y
2 ). Thus, one coordinate of z1 is even and the other is odd. This is equivalent to z1 ∈ A4(4k+ 2l, 2l)− {(4k+ 2l, 2l)}
for some k, l ∈ Z. Therefore, one of the following four cases occurs:
(1) z1 = (4k+ 2l+ 1, 2l) for some k, l ∈ Z,
(2) z1 = (4k+ 2l− 1, 2l) for some k, l ∈ Z,
(3) z1 = (4k+ 2l, 2l+ 1) for some k, l ∈ Z,
(4) z1 = (4k+ 2l, 2l− 1) for some k, l ∈ Z.
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Fig. 11. Jordan curves in (Z2, r).
Again, by the help of Fig. 10, one can easily observe that z1 ∈ r{z2} for every eligible z2.
It follows that, for arbitrary points z1, z2 ∈ Z2, z1 ∈ r{z2} if and only if there exist points a ∈ d−1(z1) and b ∈ d−1(z2)
such that a ∈ w{b}. By Lemma 9 extended to closure operators, r is the quotient closure operator ofw generated by d. 
Theorem 15. Let D be a simple closed curve in (Z2, r) such that, for each point (x, y) ∈ D with both x and y odd, A4(x, y)∩ D =
{(x, y)}. Then D is a Jordan curve in (Z2, r).
Proof. Observe that no simple closed curve in (Z2, r) having more than three points may turn at the acute angle pi4 . Let D
fulfill the conditions of Theorem 15. Then it follows from Theorem 8 and the definition of d that there is a Jordan curve C in
(Z2, w) such that d(C) = D. Since D does not turn at the acute angle pi4 (because it has more than three points), neither does
C . By Theorem 14, r is the quotient closure operator of w generated by d. One can easily see that d−1(x, y) is connected in
(Z2, w) for every (x, y) ∈ Z2. Let C1, C2 be the two components of Z2 − C . Then C1 and C2 are connected in (Z2, r) and we
put C ′1 = C1 − d−1(D), C ′2 = C2 − d−1(D). Clearly, given a point (x, y) ∈ D, we have d−1(x, y) 6⊆ C if and only if both x and y
are odd. Thus, let (x, y) ∈ D be a point with both x and y odd. Then one of the following two cases occurs:
(1) (x, y) = (2k+2l+1, 2k−2l+1) for some k, l ∈ Z. Then d−1(x, y) = A4(4k, 4l+2), hence C ∩d−1(x, y) = V (4k, 4l+2).
Therefore, there is i ∈ {1, 2} such that (4k−1, 4l+2) ∈ Ci−C ′i and (4k+1, 4l+2) ∈ C3−i−C ′3−i while (4k−2, 4l+2) ∈ C ′i
and (4k + 2, 4l + 2) ∈ C ′3−i, i ∈ {1, 2}. The points (4k − 1, 4l + 1) and (4k − 1, 4l + 3) are the only points that belong
to Ci and are adjacent (in the connectedness graph of w) to (4k − 1, 4l + 2). But both of these points are adjacent also to
(4k− 2, 4l+ 2) ∈ C ′i . Thus, Ci − {(4k− 1, 4l+ 2)} is connected and, by similar arguments, C3−i − {(4k+ 1, 4l+ 2)} is also
connected.
(2) (x, y) = (2k+2l+1, 2l−2k−1) for some k, l ∈ Z. Then d−1(x, y) = A4(4k+2, 4l), hence C ∩d−1(x, y) = H(4k+2, 4l).
Now, analogously to (1), we can easily show that there is i ∈ {1, 2} such that Ci−{(4k+2, 4l−1)} and C3−i−{(4k+2, 4l+1)}
are connected.
It follows that C ′1 = d−1(d(C ′1)) and C ′2 = d−1(d(C ′2)) are connected. Then d(C ′1) and d(C ′2) are connected by Lemma 13
and we have d(C ′1) ∪ d(C ′2) = Z2 − D. Suppose that Z2 − D is connected. Then d−1(Z2 − D) = C ′1 ∪ C ′2 is connected by
Lemma 13. This is a contradiction because it can easily be seen that both C ′1 ⊆ C1 and C ′2 ⊆ C2 are nonempty, C1 and C2 are
disjoint and C1∪C2 is not connected. Therefore, Z2−D = d(C ′1)∪d(C ′2) is not connected and, consequently, d(C ′1) and d(C ′2)
are components of Z2 − D. 
By Theorem 15, every simple closed curve in (Z2, r) that is a cycle in the graph whose portion is represented in Fig. 11 is
a Jordan curve in (Z2, r).
Remark 16. It can easily be seen that the topologies t , u and v are the quotient closure operators of w generated by
the surjections f , g and h, respectively. Therefore, Jordan curve theorems for these topologies may be proved by using a
procedure similar to that of the proof of Theorem 15. In this way we may prove Theorems 3 and 5 and, in addition to
Theorem 5, also the following result:
Let D be a simple closed curve in (Z2, v) with the property that, for each point (x, y) ∈ D, there exists k ∈ Z such that
y = x+ 4k+ 2 or y = 4k+ 2− x. Then D is a Jordan curve in (Z2, r).
On the other hand, Theorem 8 does not enable us to use such a procedure for proving Theorem 2 because, if C is a simple
closed curve in (Z2, t) (having at least four points) containing two different points (x, y), (x′y′) such that x = 2k + 1 and
y = 2l+ 1 for some k, l ∈ Z and (x′, y′) ∈ A4(x, y), then there may not exist a simple closed curve C in (Z2, w) fulfilling the
condition of Theorem 8 and such that f (C) = D. We may prove, in this way, only the following result, which is weaker than
Theorem 2:
Any simple closed curve in (Z2, t) such that, for every k, l ∈ Z, A4(2k + 1, 2l + 1) ∩ C ⊆ {(2k + 1, 2l + 1)} is a Jordan
curve in (Z2, t).
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